Fordham University Mathematical Modelling Math 1700-R01

Exam 2 Practice Questions

1. Consider the iterative equation

3
Tp41 = OT,,.
(a) Compute z1, z2, and z3 in terms of xy.

(b) Give an exact solution for x,,.

(c) Use your answer to part (b) to find the basin of attraction for the stable fixed point 0. That is, the
largest open interval I containing 0 such that if x( is in I then lim z,, = 0.
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2. The graphs of y = f(z) and y = x are shown below. Suppose the three intersections of the two graphs
are (plvpl)/ (p27p2)/ and (p37p3)/ Wlth P < D2 < P3-
(a) Use cobwebbing to identify all (visible) fixed points and classify each one as either stable or unsta-

ble.

(b) Use cobwebbing to determine the basin of attraction of each (if any) stable fixed point.

(c) Which, if any, of the fixed points exhibit oscillation of nearby solutions?
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3. Lete > 0. If p is a fixed point of the iterative equation z,,1 = f(z,), and 0 < f'(z) < 1/2 for all z such
that |z — p| < ¢, show that p is locally stable. That is, show that

if |zg — p| < ethen lim |z, —p| =0.
n—oo

Note: 1 am asking you to provide a part of the proof of the Stability and Oscillation Theorem. Thus, you cannot use
the theorem to prove the result. That is, you cannot simply say that the fixed point p is stable because | f'(p)| < 1.
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4. Let p be the unique solution to the equation
e* =42

Assuming z is sufficiently close to p, use Newton’s method of root-finding to give an iterative equation
Zp+1 = f(x,) such that z,, converges to p.
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5. For

T — =
2

fl)y=1-2

)

p1 = 2/33 is one point of an m-cycle.
(a) Find all other points of that cycle, and state the period of p.
(b) Determine the stability of that cycle and justify your answer.
and stability.
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6. Consider the one-parameter family of functions
fr(@) = ra(3 - 2?),

withr > 0.
(a) Find the interval of stability for the fixed point 0.
(b) Find the positive fixed point p, and its interval of existence.

(c) Find the interval of stability for p,.
3
(Y 1 (x\= Sx - cx
1
1N 3 - = f'o): 3r

O 15 stle ' AL (>0 sun  haf Hr'(o\\‘ﬁ.

. \
S Bl D ey L [oeeck

5 3
(b\ -]\"(x\=$(x—rx = X =Y X *+x -%x =0

x(rx1'+\-2>r\ : 0O = x-=o (1ot ?osriwe\ of rx1'+\-:’:r =0

,(1': O -\ = X =*_‘ -\ (rso\
) r

fos A fotve peeo fadt § = [ OF-)
\‘ "

>

\
ety e Ao o 3

50-\

() i'lx\= S - ert = -F,(( ?r\ = 50 - 3)f(
T s shele g T ’—:’5 Suh THAL

14 130 )= Jobr) o

\ = 50-9c +3

D -1 ¢ Bebr ¢4 D) -f & 4 -1

S L thr ¢y D | Fr o«

(€]

jadamskil@fordham.edu Page 6



Fordham University

Mathematical Modelling

Math 1700-R01

9. Use the graphs of f and its iterates f* and f* below to answer the following questions. Explain your

answers.

(a) How many fixed points does f have? 2.

(b) How many 2-cycles does f have?

(c) How many 3-cycles does f have?
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(d) Let p be the largest fixed point. Do solutions oscillate locally around p? Ve ¢ ‘f. ! [?\ I¥e)
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