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7.3 Basic Counting Priciples
Example/Discussion Problems

1. A sandwich shop lets customers create their own sandwich by repeatedly making choices
from a selection of options as follows.

(a) Choose a type of bread: white, wheat, rye, sourdough.

(b) Choose a meat: tukey, beef, tuna.

(c) Choose a cheese: Cheddar, none.

How many different sandwiches can one order at this shop?
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If we flip two coins and record heads or tails for each coin, we can list the four possible
outcomes in the sample space as S 5 {hh, ht, th, tt}. But what if we flip 10 coins? As
we shall see, there are over 1000 possible outcomes, which makes a list of the 

sample space impractical. Fortunately, there are methods for counting the outcomes in a 
set without actually listing them. We introduce these methods in the first two sections,
and then we use this approach in the third section to find probabilities. In the fourth 
section, we introduce binomial experiments, which consist of repeated independent trials 
with only two possible outcomes, and develop a formula for binomial probabilities.The final 
section continues the discussion of probability distributions that we began in Chapter 7.

The Multiplication Principle; Permutations
In how many ways can seven panelists be seated in a row of seven chairs?

8.1
APPLY IT 

Before we answer this question in Example 8, we will begin with a simpler example. 

Suppose a breakfast consists of one pastry, for which you can choose a bagel, a muffin,
or a donut, and one beverage, for which you can choose coffee or juice. How many differ-
ent breakfasts can you have? For each of the 3 pastries there are 2 different beverages, or a
total of different breakfasts, as shown in Figure 1. This example illustrates a gen-
eral principle of counting, called the multiplication principle.

Multiplication Principle
Suppose n choices must be made, with

and so on, with

Then there are

different ways to make the entire sequence of choices.

Combination Lock

A certain combination lock can be set to open to any 3-letter sequence. 

(a) How many sequences are possible?

SOLUTION Since there are 26 letters in the alphabet, there are 26 choices for each of the 3
letters. By the multiplication principle, there are different sequences.

(b) How many sequences are possible if no letter is repeated?

SOLUTION There are 26 choices for the first letter. It cannot be used again, so there are
25 choices for the second letter and then 24 choices for the third letter. Consequently, the
number of such sequences is TRY YOUR TURN 126 . 25 . 24 5 15,600.

26 . 26 . 26 5 17,576

m1 ? m2 ? ) ? mn

mn ways to make choice n.

m2 ways to make choice 2,

m1 ways to make choice 1,

3 . 2 5 6
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YOUR TURN 1 A combination
lock can be set to open to any 4-digit
sequence. How many sequences are
possible? How many sequences 
are possible if no digit is repeated?

2. How many distinct 10 digit phone numbers exist? Note that neither the 1st nor 4th digit
of a 10-digit phone number can be 0 or 1?

3. How many distinct 7 character license plates exist if the first 3 characters must be letters,
and the last 4 characters must be digits?

4. How many distinct 7 character license plates exist if the first 3 characters must be letters,
and the last 4 characters must be digits, and characters that appear next to each other
must be different?

5. How many distinct 7 character license plates exist if the first 3 characters must be letters,
and the last 4 characters must be digits, and no character can appear more than once?

6. A graphic designer has 256 colors from which to choose one color as a background, one
color for largy type, and one color for small type. How many ways can this be done? (Do
the choices need to be different?)

7. How many ways are there for a club with 15 members to choose one president, one vice-
president, and one treasurer?

8. A mail deliverer needs to deliver packages to 11 different addresses. In how many dif-
ferent orders can they deliver the packages?
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Factorial Notation
For any natural number n,

n! ! .

Also, by definition,

0! ! 1.

With this symbol, the product can be written as 5!. Also,
The definition of could be used to show that for all

natural numbers It is helpful if this result also holds for This can happen only
if 0! equals 1, as defined above.

As n gets large, n! grows very quickly. For example, 5! 5 120, while 10! 5 3,628,800.
Most calculators can be used to determine n! for small values of n. A calculator with a 
10-digit display and scientific notation capability will usually give the exact value of n! for

and approximate values of n! for The value of 70! is approximately
which is too large for most calculators. To get a sense of how large 70! is,

suppose a computer counted the numbers from 1 to 70! at a rate of 1 billion numbers per
second. If the computer started when the universe began, by now it would have calculated
only a tiny fraction of the total.

On many graphing calculators, the factorial of a number is accessible through a menu. On the TI-84
Plus, for example, this menu is found by pressing the MATH key, selecting PRB (for probability),
and then selecting the !.

Books

Suppose the teacher in Example 4 wishes to place only 3 of the 5 books on his desk. How
many arrangements of 3 books are possible?

SOLUTION The teacher again has 5 ways to fill the first space, 4 ways to fill the second
space, and 3 ways to fill the third. Since he wants to use only 3 books, only 3 spaces can be
filled (3 events) instead of 5, for arrangements. TRY YOUR TURN 3 

Permutations The answer 60 in Example 5 is called the number of permutations of
5 things taken 3 at a time. A permutation of r (where elements from a set of n ele-
ments is any specific ordering or arrangement, without repetition, of the r elements. Each
rearrangement of the r elements is a different permutation. The number of permutations of
n things taken r at a time (with is written * Based on the work in Example 5,

Factorial notation can be used to express this product as follows.

This example illustrates the general rule of permutations, which can be stated as follows.

Permutations
If (where is the number of permutations of n elements taken r at a time, then

.P 1 n, r 2 5
n!1 n 2 r 2 !r # n)P 1n, r 2

5 . 4 . 3 5 5 . 4 . 3 . 2 ? 1
2 ? 1

5
5 . 4 . 3 . 2 . 1

2 . 1
5

5!
2!

5
5!1 5 2 3 2 !

P 1 5, 3 2 5 5 . 4 . 3 5 60.

P 1n, r 2 .r # n)

r $ 1)

5 . 4 . 3 5 60

1.198 3 10100,
14 # n # 69.n # 13,

n 5 1.n $ 2.
n 3 1n 2 1 2 4! 5 n!n!3! 5 3 . 2 . 1 5 6.

5 . 4 . 3 . 2 . 1

n 1 n 2 1 2 1 n 2 2 2  P 1 3 2 1 2 2 1 1 2

YOUR TURN 3 A teacher
wishes to place 5 out of 8 different
books on her shelf. How many
arrangements of 5 books are
possible?

EXAMPLE  5

*An alternate notation for P(n, r) is nPr.

TECHNOLOGY NOTE
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The letter P here represents permutations, not probability. In probability nota-
tion, the quantity in parentheses describes an event. In permutations notation, the
quantity in parentheses always comprises two numbers.

The proof of the permutations rule follows the discussion in Example 5. There are n
ways to choose the first of the r elements, ways to choose the second, and 
ways to choose the r th element, so that

Now multiply on the right by 

Because we defined 0! equal to 1, the formula for permutations gives the special case

.

This result also follows from the multiplication principle, because P(n, n) gives the number
of permutations of n objects, and there are n choices for the first object, n ! 1 for the sec-
ond, and so on, down to just 1 choice for the last object. Example 4 illustrated this idea.

P(n, n)
The number of permutations of a set with n elements is n!; that is P(n, n) 5 n!.

Permutations of Letters

Find the following.

(a) The number of permutations of the letters A, B, and C.

SOLUTION By the formula P(n, n) 5 n!, with n 5 3, 

The 6 permutations (or arrangements) are ABC, ACB, BAC, BCA, CAB, CBA.

(b) The number of permutations if just 2 of the letters A, B, and C are to be used

SOLUTION Find 

This result is exactly the same answer as in part (a). This is because, in the case of
after the first 2 choices are made, the third is already determined, as shown in

the table below.
P 1 3, 3 2 , P 1 3, 2 2 5

3!1 3 2 2 2 ! 5
3!
1!

5 3! 5 6

P 1 3, 2 2 .
P 1 3, 3 2 5 3! 5 3 . 2 . 1 5 6.

P 1n, n 2 5
n!1n 2 n 2 ! 5

n!
0!

5
n!
1

5 n!

 5
n!1n 2 r 2 ! 5

n 1n 2 1 2 1n 2 2 2  ) 1n 2 r 1 1 2 1n 2 r 2 !1n 2 r 2 ! P 1n, r 2 5 n 1n 2 1 2 1n 2 2 2  ) 1n 2 r 1 1 2 . 1 n 2 r 2 !1 n 2 r 2 !1n 2 r 2 ! / 1n 2 r 2 !.P 1n, r 2 5 n 1n 2 1 2 1n 2 2 2  ) 1n 2 r 1 1 2 . n 2 r 1 1n 2 1

CAUTION

EXAMPLE  6

First Two Letters AB AC BA BC CA CB

Third Letter C B C A B A

YOUR TURN 4 Find the num-
ber of permutations of the letters L,
M, N, O, P, and Q, if just three of the
letters are to be used. 

TRY YOUR TURN 4

Permutations of Three Letters

9. How many ways are there to select 3 books from a collection of 8 books and arrange them
on a shelf from left to right?

10. There are 8 democratic candidates running for mayor of NYC. On June 22nd, registered
democrats will go to the polls and rank their top 5 choices for mayor. How many ways
can registered democrats vote in the mayoral primary?

11. How many distinct ways can all of the letters in the followng words be arranged?

(a) SWIMMING

(b) BOOKKEEPER

(c) MISSISSIPPI
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men next, and so on. Thus there are 4 ways to fill the first seat, 3 ways to fill the second seat,
3 ways to fill the third seat (with any of the 3 remaining women), and so on. This gives

ways to seat the panelists.

(c) In how many ways can the panelists be seated if the men must sit together, and the
women must also sit together?

SOLUTION Use the multiplication principle. We first must decide how to arrange the
two groups (men and women). There are ways of doing this. Next, there are ways
of arranging the women and ways of arranging the men, for a total of

ways.

(d) In how many ways can one woman and one man from the panel be selected?

SOLUTION There are 4 ways to pick the woman and 3 ways to pick the man, for a 
total of

ways. TRY YOUR TURN 5

If the n objects in a permutation are not all distinguishable—that is, if there are of
type 1, of type 2, and so on for r different types, then the number of distinguishable
permutations is

For example, suppose we want to find the number of permutations of the numbers 1, 1, 4, 4, 4.
We cannot distinguish between the two 1’s or among the three 4’s, so using would give too
many distinguishable arrangements. Since the two 1’s are indistinguishable and account for 
of the permutations, we divide by Similarly, we also divide by to account for the three
indistinguishable 4’s. This gives

permutations.

Mississippi

In how many ways can the letters in the word Mississippi be arranged?

SOLUTION This word contains 1 m, 4 i’s, 4 s’s, and 2 p’s. To use the formula, let
and to get

arrangements. TRY YOUR TURN 6

NOTE If Example 9 had asked for the number of ways that the letters in a word with 11
different letters could be arranged, the answer would be

Yogurt

A student buys 3 cherry yogurts, 2 raspberry yogurts, and 2 blueberry yogurts. She puts
them in her dormitory refrigerator to eat one a day for the next week. Assuming yogurts of

11! 5 39,916,800.

11!
1! 4! 4! 2!

5 34,650

n4 5 2n3 5 4,n2 5 4,n1 5 1,
n 5 11,

5!
2! 3!

5 10

3!2!.5!
2!

5!

n!
n1 ! n2 ! ) nr !

 .

n2

n1

4 . 3 5 12

2! 4! 3! 5 2 . 24 . 6 5 288

3!
4!2!

4

W1

. 3

M1

. 3

W2

. 2

M2

. 2

W3

. 1

M3

. 1

W4

5 144

YOUR TURN 5 Two freshmen,
2 sophomores, 2 juniors, and 3 seniors
are on a panel. In how many ways
can the panelists be seated if each
class must sit together? 

YOUR TURN 6 In how many
ways can the letters in the word
Tennessee be arranged? 

EXAMPLE  9

EXAMPLE  10

12. A derangement of n ordered objects is a rearrangemnt such that no object ends up in its
original position. For example, the three-letter word CAT has two derangements: ATC

and TCA. How many derangemnts does an n-letter word have when all n letters are
distinct?
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