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SUMMARY Key Concepts

Conditional Probability
P(ANB P(BNA

P(AIB) = =45 P(A)

Note: P(A|B) is a probability based on the new sample space B, while P(A N B)
and P(B) are probabilities based on the original sample space S.

Product Rule
P(ANB) = P(A)P(B|A) = P(B)P(A|B)

Independent Events
* A and B are independent if

P(ANB) = P(A)P(B)
* If A and B are independent events with nonzero probabilities, then
P(A|B) = P(A) and P(B|A) = P(B)

* If A and B are events with nonzero probabilities and either P(A|B) = P(A)
or P(B|A) = P(B), then A and B are independent.

* If E\, E,, ..., E, are independent, then
P(E\NE,N - - NE,) = P(E,)P(Ey) " - *P(E,)
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Example. A car insurance company kept detailed records on all of its 8.2 million policy

holders during 2019. The records show that most of their policy holders obeyed traffic

laws and drove safe. In fact, during 2019, only 2% of poliey holders received points on

their license for a moving violation, {% of policy holders got into a major accident, and only

0.5% of policy holders both received points on their license for a moving violation and got

into a major accident.

. What is the probability that a policy holder gets into a major accident?

2. What is the probability that a policy holder with points on their license gets into a major
accident?

3. What g the probability that a policy holder who gets into a major accident has points on
their licenge?
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Example. The marketing department for a website that agks visitors to login with their

Facebook account has collected data on its users from Facebook Analytics. This data is

summarized in the following tables.

. What percentage of your visitors follow the rock?

2. What percentage of your vigitors follow Cats of Ingtagram?

3. If your company has budgeted $2500 to spend on [nstagram ads, at $1.25 per click
(you only pay when someone clicks the ad/ visits your website), should you target your ads
toward followers of The Rock or followers of Cats of Ingtagram?
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Example. You know that your neighbors have two children. Then one day you see
one of the children playing outside, and this child is a boy. What is the probability that
the other child is also a boy?
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Example. Your company is about to begin a kickstarter campaign and wants to know the

probability that you will be able to raise | million dollars in 8 weeks. You know tha{ if the campaign

video goeg viral then the probability is 95%, and if the campaign does not go viral then there is a

70% chance. Suppose there is a [5% chance that the campaign video will go viral.

. What is the probability that the campaign video goes viral but the campaign is not able to raise |
million dollars?

2. What ig the probability that the campaign doeg not go viral and the campaign still raiges [ million
dollars?

3. What is the probability that the campaign raises [ million dollars?
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THEOREM 1 Bayes’ Formula

Let U, U,, ..., U, be n mutually exclusive events whose union is the sample
space S. Let E be an arbitrary event in S such that P(E) # 0. Then,

) = P(UNE) P(U,NE)
(GIE) = P(E)  P(UNE) +P(U,NE) + --- + P(U,NE)
_ P(E|U))P(U;)
P(E|U)P(Uy) + P(E|L)P(Uy) + --+ + P(E|U,)P(U,)
Similar results hold for U,, Us, . . ., U,.

Urn [ containg 5 white balls and 7 black balls. Urn 2 containg 3 whites and (2 black. A fair coin is

flipped; if it ic Heads, a ball ig drawn from Urn [, and if it ig Tailg, a ballis drawn from Urn 2. Suppose
that this experiment is done and you learn that a white ball was selected. What is the probability that
thie ball wag in fact taken from Urn 22 (i.e., that the coin flip wag Tails)
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Example. (The Monty Hall problem) there once wag a game show on TV where the winner had to open
one of three closed doors, and they would win whatever wag behind their chogen door. One of the doors
conceals a brand new car, but the other doors conceal only a modest prize. After the winner chooses
one of the doors, the host Monty Hall opens one of the other two unchosen doors to reveal that it does
not conceal the car and then agks you if you want to switch your choice to the other cloged door. He
always does this — if one of the unchosen doors conceals the car then he opens the other one, and if
neither of the unchosen doors conceals the car then he opens one of the unchosen doors at random.
Suppose you are the winner of this game show and you choose door . Then Monty Hall opens doors 3
and shows that it does not conceal the car. Should you stick with door [ or should you switch to door
2?2 Or does it not matter?
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