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8.4 Binomial Probability
Example/Discussion Problems

1. Three marbles are randomly selected from a jar containing 6 red and 8 blue marbles.

(a) What is the probability that exactly two marbles are red?

i. Use combinations and the multiplication principle.
ii. Use a tree diagram and the product rule.

(b) What if instead the jar contains 6,000,000 red marbles and 8,000,000 blue marbles?

(c) What if the marbles are replaced back in the jar after each selection?
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74. Unluckiest Fan During the 2009 season, the Washington
Nationals baseball team won 59 games and lost 103 games.
Season ticket holder Stephen Krupin reported in an interview
that he watched the team lose all 19 games that he attended
that season. The interviewer speculated that this must be a
record for bad luck. Source: Chance News.

a. Based on the full 2009 season record, calculate the probability
that a person would attend 19 Washington Nationals games
and the Nationals would lose all 19 games.

b. However, Mr. Krupin only attended home games. The
Nationals had 33 wins and 48 losses at home in 2009. Calcu-
late the probability that a person would attend 19 Washington
Nationals home games and the Nationals would lose all 
19 games.

75. Bingo Bingo has become popular in the United States, and it is
an efficient way for many organizations to raise money. The bingo
card has 5 rows and 5 columns of numbers from 1 to 75, with the
center given as a free cell. Balls showing one of the 75 numbers
are picked at random from a container. If the drawn number
appears on a player’s card, then the player covers the number. In
general, the winner is the person who first has a card with an entire
row, column, or diagonal covered. Source: Mathematics Teacher.

a. Find the probability that a person will win bingo after just
four numbers are called.

b. An L occurs when the first column and the bottom row are
both covered. Find the probability that an L will occur in the
fewest number of calls.

c. An X-out occurs when both diagonals are covered. Find the
probability that an X-out occurs in the fewest number of calls.

d. If bingo cards are constructed so that column one has 5 of
the numbers from 1 to 15, column two has 5 of the numbers
from 16 to 30, column three has 4 of the numbers from 31 to
45, column four has 5 of the numbers from 46 to 60, and
column five has 5 of the numbers from 61 to 75, how many
different bingo cards could be constructed? (Hint: Order
matters!)

76. Suppose a box contains 3 red and 3 blue balls. A ball is
selected at random and removed, without observing its color.
The box now either contains 3 red and 2 blue balls or 2 red and
3 blue balls. Source: 40 Puzzles and Problems in Probability
and Mathematical Statistics.

a. Nate removes a ball at random from the box, observes its
color, and puts the ball back. He performs this experiment a
total of 6 times, and each time the ball is blue. What is the
probability that a red ball was initially removed from the
box? (Hint: Use Bayes’ Theorem.)

b. Ray removes a ball at random from the box, observes its
color, and puts the ball back. He performs this experiment a
total of 80 times. Out of these, the ball was blue 44 times
and red 36 times. What is the probability that a red ball was
initially removed from the box?

c. Many people intuitively think that Nate’s experiment gives
more convincing evidence than Ray’s experiment that a red
ball was removed. Explain why this is wrong.

YOUR TURN ANSWERS 

1. 2. 0.3483 3. 0.7455 4. 0.0006095
5. 6. 9.514 3 10261 /3431 /210;
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Binomial Probability
What is the probability that 3 out of 6 randomly selected college students
attend more than one institution during their college career?

8.4
APPLY IT 

We will calculate this probability in Example 2.

The question above involves an experiment that is repeated 6 times. Many probability
problems are concerned with experiments in which an event is repeated many times.
Other examples include finding the probability of getting 7 heads in 8 tosses of a coin, of
hitting a target 6 times out of 6, and of finding 1 defective item in a sample of 15 items.
Probability problems of this kind are called Bernoulli trials problems, or Bernoulli
processes, named after the Swiss mathematician Jakob Bernoulli (1654–1705), who is well
known for his work in probability theory. In each case, some outcome is designated a suc-
cess and any other outcome is considered a failure. This labeling is arbitrary and does not
necessarily have anything to do with real success or failure. Thus, if the probability of a
success in a single trial is p, the probability of failure will be A Bernoulli trials
problem, or binomial experiment, must satisfy the following conditions.

Binomial Experiment
1. The same experiment is repeated a fixed number of times.
2. There are only two possible outcomes, success and failure.
3. The repeated trials are independent, so that the probability of success remains the

same for each trial.

1 2 p.
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Sleep

The chance that an American falls asleep with the TV on at least three nights a week is 
Suppose a researcher selects 5 Americans at random and is interested in the probability that
all 5 are “TV sleepers.” Source: Harper’s Magazine.

SOLUTION Here the experiment, selecting a person, is repeated 5 times. If selecting a TV
sleeper is labeled a success, then getting a “non-TV sleeper” is labeled a failure. The 5 trials
are almost independent. There is a very slight dependence; if, for example, the first person
selected is a TV sleeper, then there is one less TV sleeper to choose from when we select the
next person (assuming we never select the same person twice). When selecting a small sample
out of a large population, however, the probability changes negligibly, so researchers consider
such trials to be independent. Thus, the probability that all 5 in our sample are sleepers is

Now suppose the problem in Example 1 is changed to that of finding the probability
that exactly 4 of the 5 people in the sample are TV sleepers. This outcome can occur in
more than one way, as shown below, where s represents a success (a TV sleeper) and f rep-
resents a failure (a non-TV sleeper).

Keep in mind that since the probability of success is the probability of failure is
The probability, then, of each of these 5 outcomes is

Since the 5 outcomes represent mutually exclusive events, add the 5 identical probabilities,
which is equivalent to multiplying the above probability by 5. The result is

In the same way, we can compute the probability of selecting 3 TV sleepers in our sam-
ple of 5. The probability of any one way of achieving 3 successes and 2 failures will be

Rather than list all the ways of achieving 3 successes out of 5 trials, we will count this num-
ber using combinations. The number of ways to select 3 elements out of a set of 5 is

giving

A similar argument works in the general case.

Binomial Probability
If p is the probability of success in a single trial of a binomial experiment, the probabil-
ity of x successes and failures in n independent repeated trials of the experiment,
known as binomial probability, is

.P 1 x successes in n trials 2 5 C 1 n, x 2 ? px ? 1 1 2 p 2n2x

n 2 x
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EXAMPLE  1

FOR REVIEW
Recall that if A and B are
independent events,

P 1A and B 2 5 P 1A 2P 1B 2 .

2. A basketball player makes 80% of their free throws. If this player takes 8 free throws in a
game, what is the probability that they make at least 6 of them?

3. An office printer is broken in such a way that every time it prints a page, there is a 2%
chance that a paper jam will occur.

(a) What is the probability that 10 pages are printed without a single paper jam?

(b) What is the probability that 100 pages are printed with no more than 2 paper jams?

4. A hospital receives 1/5 of its flu vaccine shipments from Company X and the remainder
of its shipments from other companies. Each shipment contains a very large number of
vaccine vials. For Company X’s shipments, 10% of the vials are ineffective. For every
other company, 2% of the vials are ineffective. The hospital tests 30 randomly selected
vials from a shipment and finds that one vial is ineffective. What is the probability that
this shipment came from Company X?
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Use the union rule, noting that 0 defective and 1 defective are mutually exclusive
events, to get

TRY YOUR TURN 3 

Checkout Scanners

The Federal Trade Commission (FTC) monitors pricing accuracy to ensure that consumers
are charged the correct price at the checkout.  According to the FTC, 29% of stores that use
checkout scanners do not accurately charge customers. Source: Federal Trade Commission.

(a) If you shop at 3 stores that use checkout scanners, what is the probability that you will
be incorrectly charged in at least one store?

SOLUTION We can treat this as a binomial experiment, letting n 5 3 and p 5 0.29.
We need to find the probability of “at least 1” incorrect charge, which means 1 or 2 or
3 incorrect charges.  To make our calculation simpler, we will use the complement. We
will find the probability of being charged incorrectly in none of the 3 stores, that is, 
P(0 incorrect charges), and then find 1 2 P(0 incorrect charges).

(b) If you shop at 3 stores that use checkout scanners, what is the probability that you will
be incorrectly charged in at most one store?

SOLUTION “At most one” means 0 or 1, so

TRY YOUR TURN 4 

The triangular array of numbers shown below is called Pascal’s triangle in honor of
the French mathematician Blaise Pascal (1623–1662), who was one of the first to use it
extensively. The triangle was known long before Pascal’s time and appears in Chinese and
Islamic manuscripts from the eleventh century.

Pascal’s Triangle

 5 1 1 1 2 10.357911 2 1 3 10.29 2 10.5041 2 < 0.7965.

 5 C1 3, 0 2 10.29 2 0 10.71 2 3 1 C1 3, 1 2 10.29 2 1 10.71 2 2P10 or 1 2 5 P10 2  1  P1 1 2
 < 1 – 0.3579 5  0.6421

P 1 at least one 2 5 1 – P 10 incorrect charges 2 5 1 1 1 2 10.357911 2 < 0.3579

P 10 incorrect charges 2 5 C 1 3, 0 2 10.29 2 0 10.71 2 3

5 0.9904.

< 0.8601 1 0.1303

 P 1 at most 1 defective 2 5 P 10 defective 2 1 P 1 1 defective 2
EXAMPLE  5

YOUR TURN 4 In Example 5,
if you shop at 4 stores that use
checkout scanners, find the probabil-
ity that you will be charged incor-
rectly in at least one store.

YOUR TURN 3 In Example 4,
find the probability of 2 or 3 defec-
tive items in a random sample of 15
items from a production line.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

(((((

The array provides a quick way to find binomial probabilities. The nth row of the trian-
gle, where gives the coefficients for For
example, for and so on. Each number in
the triangle is the sum of the two numbers directly above it. For example, in the row for

6 5 C14, 2 2 ,4 5 C 14, 1 2 ,1 5 C 14, 0 2 ,n 5 4,
1, 2, 3, * , n.r 5 0,C 1n, r 2n 5 0, 1, 2, 3, * ,

Figure 1: C(n, r) + C(n, r + 1) = C(n+ 1, r + 1).

John Adamski, PhD 2 jadamski1@fordham.edu



CHOOSE2REDfrom choose 1 BlueFrom
a A 2RED 1 Blue to6RED d 8 BLUE

PLA NAI 6,2 C18,1 27 FIT
nls C 14,3 1413

IS 8 3297
364

Is 3846 2nd 3rd
54.4286 1213 R R

E B RRB
E R 2E14 E B

K R R BR
B I B

RE
E R R BRRB R

E t B
14 B E E

IZ r7 B B13 1
12

Pl2n 1B PIRRB t PIRBR t PLBRR

Eis Et t E E E g E
e

3297



b
PREITY

1st
4286 nd rd

muchTHE 2 3
same

599999913999919

R R
4286 6000000 B

R14000000
8000000 RB
13999999 B

RR
8000000 B
14000000 B

R
B B

c 1ST nd rd
2 3

6 Hy
R 12

6 14
Ey B

14 R 46
148 RB

14 q B
14
q6 M

R R
148 q B

1414 B
q

T 8 MB R
14 B

NOW THIS Experiment SELECTING 3 MMM WITH REPLACEMENT

Success failure
IS COMPOSED OF REPEALING THE SAME TRIAL fy
EACH WAH EXACTLY 2 POSSIBLE OUTCOMES RED BLUE

WITH SAME PROBABILITIES 4
o oI 1Trial
P q I p



p i Plsuccess For ANY TRIAL

of P1
FAILURE For ANY TRIAL

I Plsuccess

1 p

ex

Noto ITIS POSSIBLE

To CHOOSE SANG
MARBLE TWICE

BINOMIAL EXPERIMENT 3 TRIALS
EACH Truth HAS 2 POSSIBLE outcomes

SUCCESS RED MARBLE

FAILURE BLUE MARBLE

p Plsuccess ET

S MA's of
Pleaume i p y

Iannacone
INDEPENDENT

Pl 2 successes 1 Failure Play 1B Y I sofa

WAYSto ants.cn 2successes n
PIRRB t PIRBR t P Brr

i tenure 1B HEHE It HIM tt FIIf
3,2 3 T.az fyYfEiY

3p'qcHoose2tmAlS
3149ran successes

Each marble is replaced back in the jar after it is selected.

Find the probability that exactly 2 red marbles are selected.
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0 PAPERJAMS

BINOMIALProbability PIXsuccesses w nTrials CIN X p g

a BINOMIALEXPERIMENT trials n 10 X successes

SUCCESS JAM p 02
FAILURE NOJAM of 98

Plx 0 10,0 1.021 C98 98 8171

1 7
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