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8.2 Combinations
Example/Discussion Problems

CHAPTER 7 Sets and Probability306

(b) F: the die shows a number less than 10

SOLUTION Event F is a certain event, with

so that

(c) G: the die shows an 8

SOLUTION This event is impossible, so

TRY YOUR TURN 4

A standard deck of 52 cards has four suits: hearts clubs diamonds and
spades with 13 cards in each suit. The hearts and diamonds are red, and the spades and
clubs are black. Each suit has an ace (A), a king (K), a queen (Q), a jack (J), and cards num-
bered from 2 to 10. The jack, queen, and king are called face cards and for many purposes
can be thought of as having values 11, 12, and 13, respectively. The ace can be thought of
as the low card (value 1) or the high card (value 14). See Figure 17. We will refer to this
standard deck of cards often in our discussion of probability.
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YOUR TURN 4 In Example 6,
find the probability of event H: the
die shows a number less than 5.

Face cards

Ja
ck

s
Q

ue
en

s
K

in
gs

A
ce

s

Hearts

Clubs

Diamonds

Spades

FIGURE 17

Playing Cards

If a single playing card is drawn at random from a standard 52-card deck, find the probabil-
ity of each event.

(a) Drawing an ace

SOLUTION There are 4 aces in the deck. The event “drawing an ace” is

Therefore,

(b) Drawing a face card

SOLUTION Since there are 12 face cards (three in each of the four suits),
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5heart ace, diamond ace, club ace, spade ace6.
EXAMPLE  7

Figure 1: A standard deck of 52 cards.

1. How many 5-card poker hands are possible?

CHAPTER 8 Counting Principles; Further Probability Topics362

Suppose now that the teacher does not wish to arrange the books on his desk but rather
wishes to choose, without regard to order, any 3 of the 5 books for a book sale to raise
money for his school. In how many ways can this be done?

At first glance, we might say 60 again, but this is incorrect. The number 60 counts
all possible arrangements of 3 books chosen from 5. The following 6 arrangements,
however, would all lead to the same set of 3 books being given to the book sale.

mystery-biography-textbook biography-textbook-mystery

mystery-textbook-biography textbook-biography-mystery

biography-mystery-textbook textbook-mystery-biography

The list shows 6 different arrangements of 3 books, but only one subset of 3 books. A
subset of items listed without regard to order is called a combination. The number of com-
binations of 5 things taken 3 at a time is written * Since they are subsets, combina-
tions are not ordered.

To evaluate start with the permutations of 5 things taken 3 at a time.
Since combinations are not ordered, find the number of combinations by dividing the number
of permutations by the number of ways each group of 3 can be ordered; that is, divide by 

There are 10 ways that the teacher can choose 3 books for the book sale.
Generalizing this discussion gives the following formula for the number of combina-

tions of n elements taken r at a time:

Another version of this formula is found as follows.

The steps above lead to the following result.

Combinations
If denotes the number of combinations of n elements taken r at a time, where

then

Committees

How many committees of 3 people can be formed from a group of 8 people?

SOLUTION A committee is an unordered group, so use the combinations formula for 
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EXAMPLE  1
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Method 1
Calculating By Hand

2. How many 5-card poker hands are possible with 2 pairs?

3. How many 5-card poker hands are possible with 3 of a kind?

4. When playing 5-card poker, what is the probability of being dealt 2 pairs? 3 of a kind?

5. A sandwich shop instructs customers to place their order as follows.

Choose 1 Choose 2 Choose 0, 1, 2, or 3
White Chicken Lettuce

Whole Wheat Beef Tomatoe
Multi-grain Bacon Onions

Black Beans Pickles
Red Beans Olives
Avacado Mayonaise

Mustard
Ketchup
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How many different sandwiches is it possible to order?

6. In how man ways can 4 coworkers each take 2 donuts from a box of 12 distinct donuts?

7. How many ways can a team of 16 choose 3 players to play offense, 2 players to play
defense, and 1 player to play goalie?

(Compare to choosing 1 president, 1 vice-president, 1 treasurer.)

8. A woman sending Christmas cards to her three nephews. Before mailing the 3 envelopes,
she takes 9 $100 bills and randomly splits them between the three envelopes so that each
nephew receives at least one $100 bill. How many ways are there for her to do this?

Challenge: What if it is not required that each nephew receive at least one $100 bill?

9. How many ways are there to walk from W 43 St and 11th Ave to W 57 St and 6th Ave,
without walking out of the way and wihtout taking Broadway?

mm

ooo

Figure 2: maps.google.com

10. How many ways are there to drive from W 43 St and 11th Ave to W 57 St and 6th Ave,
without walking out of the way and wihtout taking Broadway?
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In the next examples, concentrate on recognizing which formula should be applied.

Permutations and Combinations

For each problem, tell whether permutations or combinations should be used to solve the
problem.

(a) How many 4-digit code numbers are possible if no digits are repeated?

SOLUTION Since changing the order of the 4 digits results in a different code, use
permutations.

(b) A sample of 3 light bulbs is randomly selected from a batch of 15. How many different
samples are possible?

SOLUTION The order in which the 3 light bulbs are selected is not important. The
sample is unchanged if the items are rearranged, so combinations should be used.

(c) In a baseball conference with 8 teams, how many games must be played so that each
team plays every other team exactly once?

SOLUTION Selection of 2 teams for a game is an unordered subset of 2 from the set of
8 teams. Use combinations again.

(d) In how many ways can 4 patients be assigned to 6 different hospital rooms so that each
patient has a private room?

SOLUTION The room assignments are an ordered selection of 4 rooms from the 6
rooms. Exchanging the rooms of any 2 patients within a selection of 4 rooms gives a dif-
ferent assignment, so permutations should be used. TRY YOUR TURN 3

Promotions

A manager must select 4 employees for promotion; 12 employees are eligible.

(a) In how many ways can the 4 be chosen?

SOLUTION Since there is no reason to differentiate among the 4 who are selected, use
combinations.

(b) In how many ways can 4 employees be chosen (from 12) to be placed in 4 different
jobs?

SOLUTION In this case, once a group of 4 is selected, they can be assigned in many dif-
ferent ways (or arrangements) to the 4 jobs. Therefore, this problem requires permutations.

TRY YOUR TURN 4
P 1 12, 4 2 5

12!
8!

5 11,880

C 1 12, 4 2 5
12!

8! 4!
5 495

Permutations Combinations
Different orderings or arrangements
of the r objects are different permu-
tations.

Clue words: arrangement, schedule,
order

Order matters!

P 1 n, r 2 5
n!1 n 2 r 2 !

Each choice or subset of r objects
gives one combination. Order within
the group of r objects does not matter.

Clue words: group, committee, set,
sample

Order does not matter!

C 1 n, r 2 5
n!1 n 2 r 2 ! r!

EXAMPLE  4

EXAMPLE  5

YOUR TURN 3 Solve the
problems in Example 4.

YOUR TURN 4 In how 
many ways can a committee of 3 be
chosen from a group of 20 students?
In how many ways can three officers
(president, treasurer, and secretary)
be selected from a group of 20
students?

APPLY IT 

Figure 3: Permutations vs. combinations.
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How many ways are there to insert 2 bars in between 9 stars?

How many ways are there to choose 2 places to put bars, out of 8 places?


