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5.2 Future Value of an Annuity

Geometric Sequences

Example 1. Find the next 3 terms of each of the following sequences.

(a) 1, 6, 11, 16, 21, . . .

(b) 3, 5, 8, 12, 17, . . .

(c) 1, 4, 9, 16, 25, . . .

(d) 3, 6, 12, 24, 48, . . .

Definition 1. For any nonzero numbers a and r 6= 1, the sequence

a, ar, ar2, ar3, ar4, . . .

is called a geometric sequence. The sum of the first n terms of a geometric sequence is

Sn = a+ ar + ar2 + ar3 + . . .+ arn−1.
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Each term in the sequence is r times the preceding term. The number r is called the
common ratio of the sequence.

Do not confuse r, the ratio of two successive terms in a geometric series, with r,
the annual interest rate. Different letters might have been helpful, but the usage
in both cases is almost universal.

Geometric Sequence

Find the seventh term of the geometric sequence 

SOLUTION The first term in the sequence is 5, so . The common ratio, found by
dividing the second term by the first, is We want the seventh term, so 
Use with and 

Next, we need to find the sum of the first n terms of a geometric sequence, where

(1)

If then

If multiply both sides of equation (1) by r to get

(2)

Now subtract corresponding sides of equation (1) from equation (2).

Factor.

Divide both sides by .

This result is summarized below.

Sum of Terms
If a geometric sequence has first term a and common ratio r, then the sum of the first
n terms is given by

Sum of a Geometric Sequence

Find the sum of the first six terms of the geometric sequence 3, 12, 

SOLUTION Here , and Find by the formula above.

.
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n 5 7.r 5 4,a 5 5,arn21,
n 5 7.r 5 20 /5 5 4.

a 5 5

5, 20, 80, 320, * .

EXAMPLE  1

EXAMPLE  2

YOUR TURN 1 Find the sum
of the first 9 terms of the geometric
series 4, 12, 36, . . . . 

CAUTION

n terms

Example 2. Find the sum

500 + 500(1.005) + 500(1.005)2 + 500(1.005)3 + . . .+ 500(1.005)359.

Ordinary Annuities

Example 3. In order to save money for retirement, Zoe decides to deposit $500 at the end of every
month for the next 30 years into an account that earns 6% annual interest compounded monthly.
What is her account balance 30 years later? How much money did she deposit in total?
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Definition 2. A sequence of equal payments made at equal periods of time is called an
annuity. If the payments are made at the end of the time period, and if the frequency of
payments is the same as the frequency of compounding, the annuity is called an ordinary
annuity. The time between payments is the payment period, and the time from the begin-
ning of the first payment period to the end of the last payment period is called the term of
the annuity. The future value of the annuity, the final sum on deposit, is defined as the sum
of the compound amounts of all the payments, compounded to the end of the term.
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This result is the sum of the first n terms of the geometric sequence having first term R and
common ratio Using the formula for the sum of the first n terms of a geometric sequence,

The quantity in brackets is commonly written (read “s-angle-n at i”), so that

Values of can be found with a calculator.
A formula for the future value of an annuity S of n payments of R dollars each at the

end of each consecutive interest period, with interest compounded at a rate i per period, fol-
lows.* Recall that this type of annuity, with payments at the end of each time period, is
called an ordinary annuity.

Future Value of an Ordinary Annuity

where

S is the future value;

R is the periodic payment;

i is the interest rate per period;

n is the number of periods.

A calculator will be very helpful in computations with annuities. The TI-84 Plus graphing calculator
has a special FINANCE menu that is designed to give any desired result after entering the basic infor-
mation. If your calculator does not have this feature, many calculators can easily be programmed to
evaluate the formulas introduced in this section and the next. We include these programs in the
Graphing Calculator and Excel Spreadsheet Manual available for this text.
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FIGURE 6

*We use S for the future value here, instead of A as in the compound interest formula, to help avoid confusing the
two formulas.

TECHNOLOGY NOTE

payment will produce dollars, and so on; the final payment earns no interest
and contributes just R dollars to the total. If S represents the future value (or sum) of the
annuity, then (as shown in Figure 6),

or, written in reverse order,

S 5 R 1 R 11 1 i 2 1 1 R 11 1 i 2 2 1 ) 1 R 11 1 i 2n21.

S 5 R 11 1 i 2n21 1 R 11 1 i 2n22 1 R 11 1 i 2n23 1 ) 1 R 11 1 i 2 1 R,

R 11 1 i 2n22
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A deposit of $R
becomes

The sum of
these is the amount
of the annuity.

. .
 .

Example 4. In order to pay for their daughter to go to college, two new parents make periodic
payments of R dollars at the end of every month for 18 years into an account that earns 4.8% annual
interest compounded monthly. Find R such that the parents have $50,000 saved for their daughter’s
college education.
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